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Abstract. We describe explicitly the structures of standard (g, _R')-modules of 51/(3, R). 

1. Introduction 

As far as we know, for some 'small' semisimple Lie groups G, the (g, i^)-module structures 
of standard representations are completely described. For example, the description of them for 
SL{2, R) is found in standard textbooks, and there are rather complete results for some groups 
of real rank 1, e.g. SU{n,l) in [1] and Spin{l,2n) in [6]. However, for Lie groups of higher 
rank, there are few references as far as the author knows. It seems to be difficult to describe the 
whole (g, X)-module structures even for standard representations of classical groups of higher 
rank, since their JT-types are not multiplicity free. In the papers [1] and [5], the (g, i^)-module 
structures of some standard representations of Sp{2, R) are described by T. Oda. In the former 
paper [3j, we extend the result for principal series representations of S'p(3,R). The method 
in these papers is applicable to study of standard representations of another groups. In this 
paper, we use this method to study standard (g, K)-modules of 5*^(3, R). 

Before describing the case of 5^(3, R), let us explain the problem in a more precise form 
for a general real semisimple Lie group G with its Lie algebra g. Fix a maximal compact 
subgroup K of G. Since any standard (g, ii')-modules are realized as subspaces of L?'{K) as 
iiT-modules, we investigate the i('-module structure of standard (g, i(')-modules by the Peter- 
Weyl's theorem. In order to describe the action of g or gc = gC^RC, it suffices to investigate the 
action of p or pc, because of the Cartan decomposition g = t © p. Therefore, the investigation 
of the action of p or pc is essential to give the description of the (g, K)-module structure of a 
standard representation. To study the action of pc, we compute the linear map Ft-^j defined 
as follows. Let {tt,Ht^) be a standard representation of G with its subspace Ht^^k of K-iimte 
vectors. For a K-type (r, Vr) of vr, and a nonzero i^'-homomorphism f]: V\ ^ Hj^^k, we define 
a linear map fj: pc ®c — *■ H-^^k hy X 0v X ■ ri(v). Then 77 is a i('-homomorphism with 
pc endowed with the adjoint action Ad of K. Let Vr ©c Pc — ©je/ be the decomposition 
into a direct sum of irreducible iC-modules and ^ an injective i^'-homomorphism from Vr^ to 
Vt Pc for each i. We define a linear map Tr^i'. Homj^ (V^, i/^^/^) — > KomfciVr^, H^^^k) by 
r] ^ fj o ii. These linear maps r,-_j (i G /) characterize the action of pc- Our purpose of this 
paper is to give explicit expressions of Li and F^^j when tt is a P-principal series representation 
of G = SL{3, R) for each standard parabolic subgroup P of G. As a result, we obtain infinite 
number of 'contiguous relations', a kind of system of differential-difference relations among 
vectors in Ht^[t] and HT^lri]. Here ^^7r[T] is r-isotypic component of H^^. These are described 
in Proposition 14.21 Theorem 15.51 and 16.51 

As an application, we can utilize the contiguous relations to obtain the explicit formulae 
of some spherical functions. In the paper [2j, H. Manabe, T. Ishii and T. Oda give the 
explicit formulae of Whittaker functions of principal series representations of SL{3,Ti) to 
solve the holonomic system of differential equations characterizing those functions, which is 
derived from the Capelli elements and the contiguous relations around minimal K-type. We 
can obtain the holonomic systems characterizing Whittaker functions of generalized principal 
series representations of SL{3, R) from the result of this paper. We hope that this interesting 
possibility will be considered in future work. On the other hand, if we have the explicit formula 
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of Whittaker function with a certain K-type, then we can give those with another K-type by 
using contiguous relations. 

We give the contents of this paper. In Section[2l we recall the classical case SL(2, R) shortly. 
In Section [3l we recall the structure of 5L(3, R) and define a standard representations obtained 
by a parabolic induction with respect to the standard parabolic subgroups. In Section U we 
introduce the standard basis of a finite dimensional irreducible representation of K and give 
explicit expressions of ii : Vr^ — > Vr 0cPc- In Section [5l we introduce the general setting of this 
paper and give matrix representations of Tr^i for principal series representations in Theorem 
15. 5[ In Section [6l we give the matrix representations of Tr^i for generalized principal series 
representations in Theorem 16.51 In Section [TJ we give explicit expressions of the action of pc 
in Proposition 17.21 
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2. The standard (g, i^)-MODULES of SL{2,K) 

We start with a short review of the most classical case, i.e. the case of the group S'L(2,R). 

2.1. The principal series representations of SL{2, R). We denote by Z, R and C the ring 
of rational integers, the real number field and the complex number field, respectively. Let Z>o 
be the set of non-negative integers. In be the unit matrix in the space M„(R) of real matrices 
of size n and Om,n be the zero matrix of size mxn. We denote by 8ij the Kronecker delta, i.e. 

1, i = 3, 
0, otherwise. 

For a Lie algebra [, we denote by Ic = I •S'r C the complexification of t. 
We put 

G' = 5L(2,R), M' = {m = diag(e,e-^) | e G {±1}}, A' = {a{r) = diag(r,r"^) | r e R>o}, 



5ij 



N' 



t £ R 



Let fl', a' and n' be Lie algebras of G' , K', A' and A^', respectively. 

For 1/ G C and a character a of M' , the principal series representation '/r(^ g.) of G' is defined 
as the right regular representation of G' on the space -^(^,0-) which is the completion of 

f{namx) = r'^^^a{m)f{x) 
for n£ N', a = a{r) £ A' , m £ M' , x £ G' 



H?:.) = <!/: G'^C smooth 



with respect to the norm 



/ 1/(^)1 
Jk' 



The restriction map r^' ■ -^^(i/.o-) ^ / ^ /!/<' ^ L {K') is an injective i^^'-homomorphism when 
L?'{K') is endowed with right regular action of K' . Then the image of r^i is the following 
subspace of L^{K'): 

^(M',a)(^') = {/ e L\K') I f{mx) = a{m)f{x) for a.e. m £ M' , x£ K'}. 

We have an irreducible decomposition of the ii^'-module L'^{K'): 

L2(K') = 0C-Xp, 
pez 

where Xp - K' 3 Kt ^ e^/^p^ g . 
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Therefore we have an isomorphism 

i epei+2zC-Xp, ifcT(-l2) = -l. 

Let Xp £ ^(v,ct) be an inverse image of Xp by this isomorphism. 
Now we take a basis {w, x„} of g'c defined by 

1 \ /I ±a/^ 



^ = V -1 0^' ^±-v±v-i -1 

Here we note that 

0'c = f'cep'c, «'c = C-'u;, p'c = C-x+eC-x_. 

is a complexification of a Cartan decomposition q' = ® p' with respect to a Cartan involution 
g' 9 X 1-^ — *X e g' where *X means transpose of X. 
Since w S we see that 

(2.1) '^{u,a){w)Xp = V^PXp 

from direct computation. Here we denote the differential of T^{u,a) again by t^[u,cf) ■ The action 
of p'c is given in the following proposition. 

Proposition 2.1. tt(^u,u){x±)Xp = {v + l±p)xp±2- 
Proof. By the relations 

= ±2-v/— Ix-t, 

we have 

(2.2) '^(u,a){w){T:(u,a){x±)Xp) = ± 2) (7r(^_^) (x± • 

Here [•, •] is the bracket product. From the equations ()2.ip and (|2.2p . we see that T^[v^a){x±)Xp £ 

The elements x± of p'^; have the following expressions according to Iwasawa decomposition 
g'c = n'cea'c©6'c: 

x± = ±2^r^E' + H' ^ ^/^w 
where i?'=^Q q^Gh'c and H' = diag(l,— 1) G a'c- From this expression and the 
definition of the space we have the value of '^[v^(j)ix±)Xp at I2 = /^o ^ K' as follows: 

'^(u,a){x±)Xp{W = ± 2^J^■K(^^^„){E')Xp{l2) + 'K(u,ct){H')XpO-2) T {y^a){w)Xp{l2) 
=0 + (Z^ + 1) T ^( V^p) 
=V + 1 lb p. 

Since Xp±2{W = 1, we obtain TT(^y^a){x±)xp = {v + l±p)xp±2- □ 

From this proposition, we obtain the following. 

Proposition 2.2. (i) Let k be an integer such that k >2. If u = k — 1 and 1) = (—1)'^, 
there is an injective homomorphism from to '^(u,a) ■ He.re and -D^ are discrete series 
representations of SL{2,'R.) with the Blattner parameter k and —k G Z, respectively. Moreover 
the quotient (g', K') -modules -k^^^^-^/ {D'^ © D^) is of dimension k — 1. 

(a) Let k he an integer such that k > 2. If u = —k + 1 and cr( — 1) = ( — 1)'^, the {k — 1)- 
dimensional subspace Fk-2 of H[v^a) generated by 

{Xp\p = -k + 2, -k + A, ■■■k-2] 

is G' -invariant and is isomorphic to the symmetric tensor representation of degree k — 2. 
Moreover the quotient T^(y^a)l Pk~2 is isomorphic to © . 
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(in) If u = and cr(l2) = —1, '^(u,ct) ^-^ direct sum of two irreducible representations, called 
limit of discrete series representations. 

(iv) If {u,a) is not in the cases of (i), (ii) and (Hi), T^^y^a) irreducible. 

We are going to show the analogue of Proposition 12 . 1 1 for SL(3, R) in Theorem 15.51 and 16.51 



3. Preliminaries 

3.1. Groups and algebras. Let G be the special linear group S'L(3,R) of degree three and 

be its Lie algebra. We define a Cartan involution of G by G 9 g i— > *(jf~^ g G. Here 
means the inverse of g. Then a maximal compact subgroup of G is given by 

K = {g(^G\ e{g) = g} = S0(3). 

If we denote the differential of 9 again by 9, then we have 9{X) = — *X for X G g. Let t 
and p be the +1 and the —1 eigenspaces of 9 in g, respectively, that is, 

e = {X e s I *X = -X} = so(3), p ={X G I *X = X}. 

Then t is the Lie algebra of K and g has the Cartan decomposition g = t © p. 

Put ao = {diag(ti, t^) \ ti ^Yl {1 < i < 3), ti +^2 + ^3 = 0}. Then oq is a maximal abelian 
subalgebra of p. For each 1 < i < 3, we define a linear form on ao by Oq 9 diag(ti, t2i ^s) 
ti £ C. The set S of the restricted roots for (acfl) is given by S = S(oo,g) = {ci — ej \ 1 < 

1 7^ J < 3}, and the subset S"*" = {cj — ej \ 1 < i < j < 3} forms a positive root system. For 
each a € S, we denote the restricted root space by g^ and choose a restricted root vector 

in as follows: 

/010\ /00l\ 

Ee,-e, = , Ee,-e, = 0, E^.-e, 

\ooo/ \ooo/ 

and -E-Q, = *Ea for a £ T,^. If we put no = ©ag2+ 9a, then g has an Iwasawa decomposition 
g = no © ao © 6. Also we have G = NqAqK, where Nq = exp(no) and ^o = exp(ao). 
The group G has three non-trivial standard parabolic subgroups Po) -Pi) P2 with 

( / * * * \ ( / * * * \ 

Po = l{ * * G G > , Pi = H * * G G > , Po-- 






Let ni, n2 be subalgebras of no defined by ni — Qei-e2 © dei-e^, ^2 
a basis {Hi,H2} of ao defined by 



i^i = , Ho 






and set H^^^ = 2Hi — H2, H^'^^ = Hi + 112- we define subalgebras ai, a2 of ao by ai = 
R • H'^^\ a2 = R • H^^\ We specify Langland decompositions of Pi = NiAiMi (0 < i < 2) by 

Mo = {diag(ei,e2,eie2) I e^ G {±1} (1 < i < 2)}, 
^^ifdem-^ 0,2 

[ V ^2,1 il 

^' = {{o[,2 dem-^ 

Here S'L=t(2,R) = {g e GL(2,R) | det{g) = ±1}. For i = 1,2, let be a Lie algebra of Mj. 



heSL^{2,K)j, Ai = exp(ai), Xi = exp(ni), 
/i G 5L±(2,R)l , >l2 = exp(a2), X2 = exp(n2). 
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3.2. Definition of the Pj-principal series representations of G. For < i < 2, in order 
to define the Pj-principal series representation of G, we prepare the data [vi^ai) as follows. 
For G HomK(ao,C), we define a coordinate (fo,i, 1^0,2) G by fo,j = vo^Hi) {i = 

1,2). Then the half sum Pq = \ (^X]aes+ = — 63 of the positive roots has coordinate 

(po,i;/0o,2) = (2, 1). We define a quasicharacter e'^^ : by 

e^°{a) = a^°'^ 0^2 '^ ^ ^ = diag(ai, 02, 03) G Aq. 

We fix a character (Tq of Mq. ao is realized by (o"o,i, cto,2) G {0, 1}®^ such that 

cro(diag(ei,e2,eie2)) = el°'V2°'^ £1,62 G {±1}- 

For each i = 1,2, we identify G HomR,(aj,C) with a complex number G C. Let 

Pi (i = 1,2) be the half sums of positive roots whose root spaces are contained in rij, i.e. 
pi = ^(2ei — 62 — 63), p2 = ^(ei + 62 — 263). Then both pi and p2 are identified with 3. We 
identify Mi {i = 1, 2) with SL^{2, R) by natural isomorphisms nii : SL^{2, R) Mi {i = 1, 2) 
defined by 

= ( °r ) . = ( ot de°^;-. ) (" ^ ^^"p."^))- 

Then we fix a discrete series representation crj = = Ind^^2*'R,^^(-^fc') of ~ SL^{2,'R) 
where is a discrete series representation of SL{2, R) with the Blattner parameter k > 2. 

Definition 3.1. For < i < 2, we define the Pj-principal series representation n^,^. g- ) of G 
by 

7r(^^,^.) = Ind^^(l^, 8) e'^^-^P^ tii), 

i.e. 7r(jy. o-i) is the right regular representation of G on the space H(^iy. ^.-^ which is the completion 
of 

f{namx) = e^^^P^ {a)ai{m) f {x) 
for n£ Ni, a e Ai, rriG Mi, x G G 



K„^,) = U'--G^Va, smooth 



with respect to the norm 

ii/f = / wfimldk. 

Jk 

Here VJj. is a representation space of cTj and || • llo-; is its norm. 

4. REPRESENTATIONS OF = 50(3) 

4.1. The spinor covering. To describe the finite dimensional representations of 50(3), the 
simplest way seems to be the one utilizing the double covering ip: SU{2) = Spin{3) 50(3). 
We use the following realization of the double covering ip, which is introduced in [2j. 
The Hamilton quaternion algebra H is realized in M2(C) by 



a,be C 



Then SU{2) is the subgroup of the multiplicative group consisting of quaternions with reduced 
norm 1, i.e. SU{2) = {x G H | detx = 1}. Let P = {x G H | trx = 0} be the 3-dimensional 
real Euclidean space consisting of pure quaternions. Then for each x G SU{2), the map 
P 3 p X ■ p ■ x~^ G P preserve the Euclidean norm p i— > detp and the orientation, hence we 
have the homomorphism 

ip: SU{2) 50(P,det) ~ 50(3), 
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which is surjective, since the range is a connected group. The kernel of this homomorphism is 
given by {±12}. An exphcit expression of the covering map ^ is given by 



72 _ ^2 _ g2 



-2(j)s — qr) 



2{ps + qr) — q^ + r"^ — 



2{pr + qs) 
-2{pq — rs) 



for X 



—2{pr — qs) 
-Iq r + \/—ls 



2{pq + rs) p^ — q^ — r"^ + 



eSU{2) (p,g,r,seR). 



p + 

-r + — Is p — yj—lq 
By the derivation dip: su(2) — > so(3) of y?, the standard generators: 



Ul 



-1 







U2 



-V-1 
are mapped to — 2^C23) 2i^i3, —2Ki2 with 



1 
-1 



M3 



23 




K 



13 




12 






1 





-1 


















G so(3), 



respectively. 



4.2. Representations of SU{2). The set of equivalence classes of the finite dimensional con- 
tinuous representations of SU{2) is exhausted by the symmetric tensor product r; (/ G Z>o) 
of the representation SU{2) 3 g ^ (v ^ g ■ v) £ GL(C^). We use the following realizations of 
those which are introduced in [2]. 

Let Vi be the subspace consisting of degree I homogeneous polynomials of two variables x, y 

in the polynomial ring C[x, y]. For g G SU{2) with g^"^ = ^ '^^ ^ ^ and f{x, y) G we set 

n{9)f{x, y) = f{ax + 6y, -bx + ay). 

Passing to the Lie algebra su(2), the derivation of r^, denoted by same symbol, is described 
as follows by using the standard basis {vk = x^y^~^ | < /c < Z} and the standard generators 
{ni,U2,U3}. Namely we have 

n{H)vk ={l - 2k)vk, Ti{E)vk = - kvk-i, Ti{F)vk ={k - l)vk+i. 

Here {E, H, F} is 5l2-triple defined by 

H = -^/^ui, E=^{u2- ^U3), F = -^{U2 + V^us) G su(2)c = sl(2, C). 

The condition that Ti defines a representation of 50(3) by passing to the quotient with 
respect to ip: SU{2) 5*0(3) is that r/(— 12) = (—1)' = 1, i-e. / is even. For / G Z>o, we 
denote the irreducible representation of 50(3) induced from (t2/, V2z) again by (t2/, V2/). 



4.3. The adjoint representation of K on pc- It is known that pc becomes a IT- module 
via the adjoint action of K. Concerning this, we have the following lemma. 
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Lemma 4.1. Let {wj | < j < 4} be the standard basis of {t^, V4) and {Xj | < j < 4} be a 
basis of pc defined as follows: 




Then via the unique isomorphism V4 and pc as K-modules we have the identification wj = 
Xj (0<j<4). 

Proof. By direct computation, we have the following table of the adjoint actions of the basis 
{dip{E), dip{H), dip{F)} of ic on the basis {Xj | < j < 4} of pc- 





Xo 


Xi 


X2 


^3 


X4 


dip{H) 


4X0 


2X1 





-2X3 


-4X4 


dip{E) 





-Xo 


-2X1 


-3X2 


-4X3 


d^{F) 


-4X1 


-3X2 


-2X3 


-1X4 






TABLE. The adjoint actions of 6c on the basis {Xj | < j < 4} of pc- 

Comparing the actions in the above table with the actions in Subsection 14.21 we have the 
assertion. □ 



4.4. Clebsch-Gordan coefficients for the representations of s[(2, C) with respect to 
standard basis. In the later sections, we need irreducible decomposition of the tensor product 
V ®c Pc as -fC-modules for each K-type {t,V) of vr(j^. g.^)- From the previous arguments, it 
suffices to consider the irreducible decomposition of Vi ®c V4 as s[(2, C) = su(2)c-modules for 
arbitrary non-negative integer I. 

Generically, the tensor product Vi^dcVi has five irreducible components V;+4, V1+2, Vi, V;_2 
and Here some components may vanish. We give an explicit expression of a nonzero 

sl(2, C)-homomorphism from each irreducible component to Vi <^c ^ as follows. 

Proposition 4.2. Let {v^^^ \ < k < 1} be the standard basis of Vi for I G Z>o. We put 

vf^ = when k < or k > I. 

If Vi^2m- component of Vi 0c ^ does not vanish, then we define linear maps /Im- ^+2m 
Vi (g>c Vi (-2 < m < 2) by 



jl , {l+2m)^ 



(0 

[l,2m;kA ■ '^k+2 



Here the coefficients ^[i,2m;fc,i] = a{l,2m;k,i)/d{l,2m) are defined by following formulae. 
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Formula 1: The coefficients of l\: Vi^4 Vi (^c V4 are given as follows: 
a{l, 4:;k,0) ={l + i - k){l + 3 - k){l + 2 - k){l + 1 - k), 
a{l, 4; k, 1) =4(/ + 4 - k){l + 3 - k){l + 2 - k)k, 
a{l, 4; k, 2) =6(/ + 4- k){l + 3- k)k{k - 1), 
a{l, 4; k, 3) =4{l + 4- k)k{k - l){k - 2), 
a{l,4;k,4) =k{k-l){k-2){k-3), 
d{l,4) =(/ + 4)(/ + 3)(/ + 2)(; + l). 
Formula 2: The coefficients of I2 : Vij^2 ~^ ^ '^c (^f^ given as follows: 

a{l, 2; k, 0) ={l + 2 - k){l + 1 - k){l - k), a{l, 2;k,l) = - {I + 2 - k){l + 1 - k){l - 4k), 
a{l, 2; A;, 2) = - 3(/ + 2 - k){l - 2k + 2)k, a{l, 2; k,3) = - {31 - 4k + 8)k{k - 1), 
a{l,2;k,4) = - k{k - l)(k - 2), d{l,2) =(/ + 2)(/ + l)L 

Formula 3: The coefficients of I^: Vi —>■ Vi (8)c ^ ffl^^e given as follows: 

a{l, 0; k, 0) =(/ - k){l - 1 - k), a{l, 0; k,l) =- 2{l -k){l~2k- 1), 

a{l, 0; k, 2) ={l^ - Qkl + Qk^ - I), a{l, 0; k, 3) =2{l - 2k + l)k, 

a{l, 0; k, 4) =k{k - 1), d{l, 0) =/(/ - 1). 

Formula 4: The coefficients of P_2 ■ ^ <^c ^4 given as follows: 

a{l, -2; k, 0) ={l-k-2), a{l, -2; k,l) = - (31 -4k- 6), a{l, -2; A, 2) =3(/ -2k- 2), 
a(l,-2;/e,3) =- (Z-4/S-2), a(/, -2; A, 4) = - A, d{l,-2)=l-2. 

Formula 5: T/ie coefficients of li^^: — ^ V; (8)c V4 if^ given as follows: 

a{l, -4; A;, 0) =1, a{l, -4; k,l)=- 4, a(/, -4; A, 2) =6, 

a(Z, -4; A;, 3) = - 4, a(/, -4; k, 4) =1, -4) =1. 

Then I^^n is a generator o/Homg[(2^c)(^+2m) VJ(8)c V4), which is unique up to scalar multiple. 
Proof. We have 



A[l,2m;0,i] ■ {n{E)v^2-m-i) ^m + Y^ ^[/,2m;0,i] " 4-m-i ® {r4{E)wi) 
i=0 i=0 
4 4 

^ ^[i,2m;0,i] • (-(2 -m- i)vfl^_-) ® Wi + Y ^[i,2m;0,i] " ® ("^^i-l) 



=0 i=l 
4 

^((2 - m - i)A[i^2m;0,i] + + l)^[/,2m;0,i+l]) " «l-m-i 

i=0 



Wi 



Here we put ^[/,2m;0,5] = 0- By direct computation, we confirm 

(2 - m - i)>l[;,2m;0,i] + + l)-4[i,2m;0,i+l] = 

for — 2 < m < 2 and < i < 4. Hence 
Moreover, we have 

in ® u){H) o lUvt""^^) = {l + 2m)lL{vij^'"'\ 
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Since 



,(0 



= (/ + 4 - 2i - 2j>f ®Wj. 

This means -^Im (^o ^^'"^ ) the highest weight vector of Vi+2m-component of Vi ®c ^ with 
respect to a Borel subalgebra {C ■ H) ® {C ■ E) of s[(2, C). 

Therefore, in order to complete the proof, it suffices to confirm 

for each < < / + 2m. 

We confirm these equations by direct computation. □ 

The coefficients A^i^2m;k,i] iii the above proposition have the following relations. 

Lemma 4.3. The coefficients A^i^2m;k,i] Proposition \4-^ satisfy following relations: 

A[l^2m;l+2m-k,0] = l)™'^[«,2m;fc,4] i A[l,2m;l+2m-k,2] = l)™'^[i,2m;fc,2] > 

3{{k -m + l)^[i,2m;fc,l] +{l-k + m+ l)A[i^2m;k,3]} = {ml + m'^ + m - 6)A[,^2m;fc,2]- 

for -2 <m<2 and <k < 1 + 2m. 

Proof. These are obtained by direct computation. □ 

4.5. The dual representation of {ti,Vi). We denote by {t*,V*) the dual representation of 
{t,V). Here we note that VJ* is equivalent to Vi as 5'[/(2)-modules, since irreducible / + 1- 
dimensional representation of SU{2) is unique up to isomorphism. 

Lemma 4.4. Let {v^,'^* | < A; < is the dual basis of the standard basis {v^^ | < /c < 
Via the unique isomorphism between Vi and V,* as K-modules we have the identification 



(/)_. .fc (/-fc)!fc! 



'I 

forO<k<l. 

Proof. We denote by (, ) the canonical pairing on V^* (g)c Vi. 
Since 

(rr(i/)4')*,^;«) = -(4')*,rKi?)t;«) = {2m - l)6kn. = {2k - l)5km, 
we have Ti{H)vf^* = {2k — l)v^^* . Similarly, we obtain 

rl{E)vli> = ik + rnF)v'i> = {I - k + l)v^:,. 

From these equations, we obtain the assertion. □ 

5. The (g,K)-MODULE structures of principal SERIES REPRESENTATIONS 
5.1. Irreducible decomposition of (vr(,^Q ^o)) i^-modules. We set 

^Wa,){K) = {/ e L\K) I f{mx) = ao{m)f{x) for a.e. m e M, x e K} 

and give a iiT- module structure by the right regular action of K. Then the restriction map 
rx- -H'(iyo,ao) 9 / ^ /I A' G ^n.j^^^^-^{K) is an isomorphism of if-modules. 
L^{K) has a K X i^-bimodule structure by the two sided regular action: 

{{ki,k2)f){x) = f{k^^xk2), xeK, / G L\K), {kiM) eKxK. 

Then we define a homomorphism : V21 0c ^21 L'^{K) of K x i^-bimodules by 

W V ^ {x ^ {w,T2l {x)v) ) . 
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Then the Peter- Weyl's theorem tehs that 

ci>^: V^*i^cV2i^L\K) 
iez>o 'sz>o 

is an isomorphism as x i^-bimodules. Here ^ means a Hilbert space direct sum. 
Since L'^^^^^ ao)^^^ '^^ have an irreducible decomposition of L'^^^^ o-o)^^^' 

«ez>o 

Here V[ao] means the cio-isotypic component in (t|j\//o)^) for a if-module {t,V). Therefore 
we obtain an isomorphism 

Since Mq is generated by the two elements 

mo,i = ( 1 I , mo,2 =10-1 I G Mq, 





we note that f G [ctq] if and only if 

T2i{mo^i)v =ao{mo^i)v = {-iy°''v {i = 1, 2) 

for V £ V2i- From the definition of {T21, V21) and 

-1/^ ^ _ / 1 \1 . \ . f V-l 



(mo,i) =|± Qjj, (fi {mo^2; y Q 

we have T2/(mo,i)f^^'^ = (— l)^^'2?i^fc ''"2«(™'0,2)^^fc^'^ = '^'^'i^''*- Hence we have 

fc6Z(ao;0 

where e(cro; /) G {0, 1} such that e((To; I) = I — ai — a2 mod 2 and 

7/' ]\- I {k€Z\0<k<l, k = l- ao,2 mod 2} if e{ao; I) = 0, 
\ {/cGZ|0<A;</-1, A; = /- <to,2 mod 2} if e(cro; /) = 1. 

By the identification = V21 in Lemma WM, we note that {v^2i-*k + | A: G 

Z(o"o; 0} is the basis of y2/['^o]- 

Now we define the elementary function s{l;p,q) G -ff(,^p^o-o) by 

for / G Z>o, p G 2'(fTo; /) and <q <2l. 

For each p G Z{ao;l), we put S{l]p) a column vector of degree 2/ + 1 whose q + 1-th 
component is g), i.e. 0), s(/;p, 1), ••• , s{l;p,2l) ). 

Moreover we denote by {S{l]p)) the subspace of //(^.g^o-o) generated by the functions in the 
entries of the vector i.e. {S{l;p)) = ®q=QC-s{i,p,q) ^ V21. Via the unique isomorphism 

between {S{l;p)) and V21, we identify {s{l;p,q) | < g < 21} with the standard basis. 

From above arguments, we obtain the following. 
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Proposition 5.1. As an unitary representation of K , it has an irreducible decomposition: 

;ez>o 

Then the T2i-isotypic component o/ tt^j^q is given by 

{S{l;p)). 

peZ(<To;0 

Corollary 5.2. Letd{ao;l) be the dimension of the space Hoiuk {V21, H^i,^^^^^^^j^) of intertwining 
operators. Then 



d{ao;l) 



{l + 2)/2 ?i/ (o"o,i) fo,2) = (0,0) and I is even, 

{I — l)/2 «/ (o"o,i, o"o,2) = (0,0) and I is odd, 

1/2 if {(^0,1,(^0,2) 7^ (0,0) audi is even, 

{I + l)/2 if ((7o,i, o"o,2) 7^ (0, 0) and I is odd. 



5.2. General setting. Let H(i,i,cTi),K be the iT-fiiiite part of H(^^.^^.y In order to describe the 
action of g or gc = C, it suffices to investigate the action of p or pc, because of the 
Cartan decomposition g = t © p. 

For a i^-type (t2z,V2/) of vr(i,. ,^.) and a nonzero i^-homomorphism r]: V21 ^ ^(j^j.crj),;^, we 
define a linear map 

r/: PC f^C V21 

by X © w ^ TTj-j^^ o.^)(X)?7(f ). Here we denote differential of vr^^. g-.) again by TT(^^^^^^y Then fj is 
i^-homomorphism with pc endowed with the adjoint action Ad of K. 
Since 

^2/ ®C Pc =^ V2/ ©C V4 ~ V2{l+m), 

-2<m<2 

there are five injective i^-homomorphisms 

l2m ■■ V2{l+m) ^ ^2/ ®C PC, -2 < m < 2 

for general / G Z>o. Then we define C-linear maps 

Tl^: Hom/c(V'2/,-ff(;.„a,),i^) ^ Hom^^ (l/2(/+m), -f^(!.„<7,),if -2 < m < 2 
by r?H^f/o/2/^. 

Now we settle two purposes of this paper: 

(i) : Describe the injective iT-homomorphism in terms of the standard basis. 

(ii) : Determine the matrix representations of the linear homomorphisms ^ with respect 
to the induced basis defined in the next subsection. 

We have already accomplished the first purpose in Proposition 14. 2i We accomplish the sec- 
ond purpose in Theorem 15.51 and 16.51 As a result, we obtain infinite number of 'contiguous 
relations', a kind of system of differential-diff'erence relations among vectors in H(^^.^^.-^ [t2i\ and 
Hi^y^^a,)[T2(i+m)\- Here H(^^^„^)[t] is r-isotypic component of 

5.3. The canonical blocks of elementary functions. Let rj: V21 ^ crj),^' be anon-zero 
iiT-homomorphism. Then we identify r] with the column vector of degree 2/ -|- 1 whose q + 1-th 

component is r]{v^^^) for < g < 21, i.e. *( ??(^o^'^), ri{v^''^), ■ ■ ■ ,77(^2;'^) ). 
By this identification, we identify S{l;p) with the injective ET-homomorphism 

V21 3 4''^ ^ «(^;P' 1) e ^(.o,<xo),A', < g < 2/ 

for p £ Z{ao;l). We note that {S{l;p) \ p £ Z((To;/)} is a basis of Homii-(V2/, i^(,y„^o-o),A') ^-^id 
we call it the induced basis from the standard basis. 
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We define a certain matrix of elementary functions corresponding to the induced basis 
{S{l;p) I p G Z{ao;l)} of Hom;^(V2i5 -f^(i/o,o-o),Ar) each K-type T21 of our principal series 
representation '^(uo,cro)- 

Definition 5.3. The following {21 + 1) x d{ao] I) matrix S((To; I) is called the canonical block 
of elementary functions for T21 -isotypic component: When (o"o,i, (70,2) = (0,0), we consider the 
matrix 

.n_/ (^(^;0), 5(/;2), S{1;4), 

When (iTo,i)Co,2) = (1)0); we consider the matrix 

' (5(/;0), S{l-2), S{l-A), 
(5(/;l), S{l-3), S(/;5), 

When (To 2 = I7 we consider the matrix 



S((To;/) = 



,Sil;l) 



if I is even, 



,S{l;l-2)) if I is odd. 



, S{1; I — 2) ) if I is even, 
, S{1; I) ) if I is odd. 



S((7o;0 



(5(/;l), S{l-3), S(/;5), 
(5(/;0), S{l-2), 5(/;4), 



, S{1; I — 1) ) if I is even, 
,sll;l-l)) if I is odd. 



5.4. The pc-matrix corresponding to 7|^. For two integers cq, ci such that cq < ci and 
a rational function /(x) in the variable x, we denote by 

Diag (/(n)) 

co<n<ci 

the diagonal matrix of size ci — cq + 1 with an entry /(n) at the (n — cq + 1, n — cq + l)-th 

component. Let ef^ {0 < i < I) he the column unit vector of degree I + 1 with its i + 1-th 

component 1 and the remaining components 0. Moreover, let e^'^ be the column zero vector 
of degree / + 1 when i < or I < i. 

In this subsection, we define pc-matrix ^i,m of size (2(/ + m) + 1) x (21 + 1) corresponding 
to with respect to the standard basis. 

Let Eto 4''""^ ® be the image of by the composite of natural linear maps 

'RomK{V2(l+rn),V2l <^C Pc) ^ Homc (F2(;+™) , ^2^ <8)C Pc) - Homc (V^2(i+m) , ^2^ PC- 

Then we define pc-matrix = Ei=o -^(4''™'*) -^i where R{if'"^^) is the matrix represen- 
tation of if'^^ with respect to the standard basis. Explicit expression of the matrix R{if'"^^) 
of size (2(/ -I- m) -I- 1) X {21 + 1) is given by 



O 



2(i+m)+l,m+2) 



-^(4'"^^)' 02{l+m)+l,m+2j 



— 02(l+rn)+l,4-i, Diag (^[2/,2m;jk,i])) 02(l+rn)+l,i 

\ 0<fe<2(/+m) y 

for —2 < m < 2 and < i < 4. Here we erase the symbol Om,n when m = or n = 0. 

For a column vector v = ^{vo,vi,--- ,V2i) G (i7(^,. o-.) i^)®^'+^ which is identified with an 
element of UomK{V2i, H^.^^^^^^k), we define £i,^v G ' (i7(.,,<.,),i^)®'^'+'"^+' - C^C'+H+i 
H(uo,ao),K by 

£,,„v= 5] (i?(.f'"*)).ef))®(7r(,,,,,)(X,)t;,). 



0<j<4 

o<9<2; 



Here R{l. 



(l,m). (21) . 



e^q^' is the ordinal product of matrices R{if'"^^) and 



From the definition of m, we note that the vector is identified with the image of v 

by rL. 
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5.5. The contiguous relations. 

Lemma 5.4. The standard basis (0 < i < 4) in pc have the following expressions according 
to the Iwasawa decomposition 0c = © cic © ^c-' 

Xo = - 2V^Ee,_e. +H2 + 



£2-63 -I- ^2 -t- V — l-f^23! 
Xi = - {Ee,-e, + V^Ee.-e^) + ^{Kl3 + V^Ku), 
X2=-^{2Hi-H2), 

X3 ={Ee,~e, - ^Ee,-e,) " ^(i^l3 " ^^^12), 
Xi =2-v/ — 1^62-63 + H2 — V — l-f^23- 

Proof. We obtain the assertion immediately from Lemma |4.1[ □ 

We give the matrix representation of r['^ with respect to the induced basis as follows. 
Theorem 5.5. For I S Z>o, —2 < m < 2 such that d{aQ; I) > and d{aQ; I + m) > 0, we have 
(5.1) £;,mS(ao; /) = S^; I + m) ■ R{TIJ 

with the matrix representation R{T^^) G -^d(o-o;«+rri),d(o-o;o(^) '^f^^m respect to the in- 
duced basis {S{l;p) \ p G Z{aQ;l)}: 

Explicit expressions of the matrix R{T^j^) of size d{aQ; I + m) x d(cro; /) is given as follows: 
When (To,2 = and (m, cJo,i + /) € {0, ±2} x (2Z), the matrix R(T^^) is given by 



O2,d(cro;0-1 ^2,1 

When (To,2 = and (m, cJo,i + /) G {0, ±2} x (1 + 2Z), the matrix R{r^^) is given by 



O 



^(rL) j - + Diag 7 °U+.(.o;0,0l 



O2,d{ao;l)-1 02,1 

+ I Diag (7[°™;2fc+5(ao;0,i]) ^'i(-o;0-i,i 



, 0<A;<d((To;/)-2^ 

When (Jo,2 = 0; ("^7 fo.i + ^ {=^1} x (2Z) and d{ao; I) = I, the matrix R{T^^) is given by 
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When (To,2 = 0, (m, ctq,! + ^ {^^} ^ and c?(c7o; /) > 1, f/ie matrix ii!(r°^) is ^wen 6y 



iao;l,m),d{<7o;l) \ _ j^. / (0) \ 



+ 



Ol,d(CTo;0-l 



\0<fc<(i(<To;0-2 



Od{ao;l)-l,l 



02,d((7o;0-2 ^2,1 02,1 

+ I r):„„ /^(O) \ ^ ^ ^ _^{0) (d(ao;0-3) 

When o"o,2 = and (m, (To,i + ^ {=^1} x (1 + 2Z), the matrix R{r^^) is given by 



On{ao;l,m),d{<To;l) \ _ L^.JifS,, 
PCrO \ — 0<A;<(i(<To;0-l 



0<k<diao;l)-l- .^m;2fc+^(.o;0,-l]. , + 



Diag [^[l}n-,2k+S(ao-,l),0]) 



<-*2,d(ao;0 



+ 



, o<fc<d(o-o;0- 

When c7o,2 = 1? the matrix R{T^^) is given by 



2k+Siao;l),Q]) 



02,d((To;Z)-l ^2,1 



+ 1 Diae f-Y^"^ f-lW-o;«+™)Jo) {dK;0-2) I . 

\0<ik<dH-0-2^ '^'"''^''^''^'""''^'^'^ ^[^m;i-l,l] ^d(<To;0-2 



Here 



^[lli;p,l] =(^0.2 + P0,2 - I + P)A[2l,2m;2l-p+m-2,0], 

(0) 1 /r. m(m + 1) \ 

^[l,m;P,0] = ~ 3 r^'O'l ~ ''0'2 + 2po,l - P0,2 + Im - 3 + )A[2l,2m;2l-p+m,2], 

l[^}n;p,-l] =(^0,2 + P0,2 + I " P)^[2/,2m;2/-p+m+2,4] 5 

r (2 - m)/2 i/m G {0, ±2}, 

n(ao;i,m) = <^ (3 - m)/2 i/ (m, ^ + ^0,2) £ {±1} x (2Z), 

[ (1 - m)/2 (m, I + (70,2) e {±1} X (1 + 2Z), 

anc? 5((To; /) G {0, 1} suc/i i/iai S{ao; I) = 1 — (To,2 mod 2. 

In the above equations, we put A^2i,2m;k,i] = fof k < or k > 2(1 + m), and erase the 



(-1) 

S "^0,71) '^m,U c 

c-1 

Proof. Since 



symbols Diag (/(n)), Oo,n, O„i,o ("^^^ e, 

c<n<c— 1 



we have 

(5.2) s{l;p){h) = ef^% + {-ir(^o-,i)^(;i)_ 
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Hence S{l;p){l-i) {p £ Z{aQ;l)) are linearly independent over C. Thus we note that it suffices 
to evaluate the both side of the equation (|5.ip at I3 G G. 

First, we compute {7r(j^g g)}(l3) for < i < 4, p € Z(cto;/) and < q < 21. 

Since {s{l;p,q) \ <q < 21} is the standard basis of {S{l;p)), we obtain 

U{uo,ao)i\^K23)sil;p,q)}il3) = {I - q)sil;p,q){l3) 

{7r(,.o,ao)(^i3 + V^Ki2)s{l;p,q)}{l3) = -q ■ s{l;p,q- l)^) 

= -'7fe-p+ig + (-l)'^"°''^Vi9)> 
{vr(.o,^o)(^i3-^^^i2)s(/;p,<z)}(l3) = {2l-q)sil;p,q + l){h) 

= {21 - q){52i-p-u + 

Moreover, we obtain 

{'^{uo,ao){Ea)s{hp,q)]{l3) =0, a G S+, 

{'^{uo,ao)iHi)s{l]p,q)]{l3) = {i^o,i+ Po,i)s{l;p,q){h) 

= + P0,i){S2l-pg + i-iy^''' ''^Spg), i = l,2, 

from the definition of principal series representation. From these computations and Iwasawa 
decomposition in Lemma 15.41 we obtain 

{7r(^„a,){Xo)s{l;p, q)}{h) = (1/0,2 + Po,2 + I - q){52i^pq + {-lf^'"'''^hpq), 
{vr(.„,.o)(Xi)s(/;p,g)}(l3) = -|fe-p+i, + 

{vr(.„,.o)(X2)s(/;p,g)}(l3) = -^(21.0,1 - 1^0,2 + 2po,i - Po,2){52i~pq + (-l)^^'^"'')^^^), 



2/ n 

{vr(.,„.o)(X3)s(/;p,g)}(l3) = Y^{hi-p-u - 

{T^iu„a,){XMhP,q)]{W = {^0,2+P0,2 " I + q){52l-pq + {-If^'^^'''^ 5^,) . 



We set 



T^{u,,a,){X,)S{l-p)= ^^q^^ <^i^{uo,<ro){X^)s{l■,p,q)). 

0<q<2l 



Then we obtain 



{^(.0,<X0)(^0)5(Z;P)}(13) = (1^0,2 + P0,2 - 1+P)4% + {-iy^'''''\l^0,2 + P0,2 + I - p)e'^'\ 

{vrK,.o)(X2)S(/;p)}(l3) = -^(2z.o,i - uo,2 + 2po,i - Po,2){e^^lp + (-l)^('^«^^)ef )), 

{vr(.„.„)(X3)5(/;p)}(l3) = -^egVi " (-D^^-^'^^^^e^, 
{vr(.o,.o)(^4)S(/;p)}(l3) = (^^0,2 + Po,2 + I - P)4!^ + {-ir^'''-''\uo,2 + Po,2 - 1+P)ef'\ 
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Let US compute {tti^mS{l;p)}{l3)- By the above equations, we have 



0<i<4 
0<g<2i 



: ^ i?(4''™V{(vrK,.o)(^05(/;p))}(l3) 

0<j<4 

(l,m,)\ r / \ „ / I 



i?(4''"0 • {(^0,2 + Po,2 - I + P)eg!^p + (-l)^('^°^')('^o,2 + Po,2 + / - ^J)ef )} 



21-p + l (20 



Vi - (-1)' 



2 P+M 



+ ii(4''™^)-{ 

+ Riif"^^) ■ { - 1(2^0,1 - ^0,2 + 2po,i - Po,2)(egi)p + (-l)^('^°^')e(- 



2 "^2/-p-l V -^^ 2 



Since 



we obtain 



i?(,f-))ef)=A 



(2(/+m)) 
[2Z,2m;j+(j+m-2,«]'^j+q+rri-2' 



-2 < m < 2, 



(5.3) {C,™5(/;p)}(l3) = {«[.™]eX";-(P+r„+2.) + (-l)^^'^"'^/?[^™]e;,f^S}, 

-i<j<i 



where 



«[/,m;p,l] =(z^0,2 + P0,2 - I + P)^[2«,2m;2«-p+m-2,0] ) 

- o (2^0,1 - 1^0,2 + 2po,l - /50,2)^[2«,2m;2/-p+m,2] 



[/,r?i;p,0] 



21-p + l 



A 



2 --[2«,2m.;2i-p+m,l] ^ — ^[2Z,2m;2/-p+m.,3] ) 

«[«,m;p,-l] =(z^0,2 + P0,2 + ^ " P)^[2i,2m;2«-p+m+2,4] ) 
P[l,m;p,l] ={^0,2 + P0,2 - I + P)^[2«,2m;p+m+2,4] ) 

,2m;p+m,2] 



P + l 



Av 



/3[i,m;p,0] 



3 

p + l 



2Z-P+1 

^[2«,2m;p+m,l] ^[2/,2m;p+m,3] ) 



2 — [Zit,.^///,,/y-t-7;t,±j 2 

/?[«,m;p,-l] ={^0,2 + /50,2 + ^ " P)^[2i,2m;p+m-2,0] • 

By the relations of the coefficients A^2i,2m;k,i] Lemma we see that 



tt[«,m;p,j] ( 1) P[l,m;p,i] 7[i^^;p,«]' 

Therefore, (15.31) become 



-1< i < 1. 



(5.4) {<L,^Sil;pmh)= Y: iLp.H^^^-iP^rn^2^) + i-^) 

-l<i<l 

From the equations (|5.2p . ()5.4p and 

e{ao; I) + m = e((To; Z + m) mod 2, 

we obtain the assertion. 



e{(7o;l)+m {2(l+m))^ 
^p+rn+2i /' 



□ 
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6. The (g, K)-module structures of the generalized principal series 

REPRESENTATIONS 

In this section, we set i = 1 or 2. 

6.1. Discrete series representations of SL^{2,K). We set yo = diag(l, -1) G 0(2). Then 
a discrete series representation {Df^, Vd^.) of SL^{2, R) is uniquely determined by specifying the 
G' = SL(2, R)-module structure together with the action of uq. Since -Dfclc = © and 
D'^ © is identified with G'-submodule of the principal series representation (tt^j^ ,^), 

of G' by Proposition 12.21 we obtain the following realization of (D^. , Vd^ ) : 

^D„0(2)= Wk+2a {Wp=C-Xp + C-X-p) 

aeZ>o 

and 

Dk{w)xp = V^PXp, Dk{x+)xp = {k + p)Xp+2, Dk{x^)xp = {k - p)xp-2, 

Dk{Kt)Xp = e^^^Xp {ten), Dk{yo)Xp =X~p- 

Here we denote differential of D^. again by and the 0(2)-finite part of Vd^ by Vdj.,o(2)- 

6.2. Irreducible decompositions of (vr(j,^ ^^'(i.i.ai)) and (vr(,,2,a2)k' ^(!^2,(72)) as K- 
modules. We analyzes the X-type of the representation space Hf^y.^^.-^ of the Pj-principal 
series representation, the target space V^- of functions f in H(^^.^^.-^ has a decomposition: 

aez>o 

Denote the corresponding decomposition of f by 

oo 

^{x) = '^{fk+2a{x) Xk+2a + f-{k+2a){x) ® X~{k+2a))- 

From the definition of the space Hi^^.^^.-^, we have 

f li^(mx) = ai{m)f\K{x) (a.e. x e K, m e Ki = MiD K 0(2)). 

For m = mi{Kt), Tni{yQ), comparing the coefficients of Xp iii the left hand side with those in 
the right hand side, we have the equations 

fp\K{mi{K-t)x) = e^P^fp\K{x), fp\K{'mi{yo)x) = f-p\K{x). 

Moreover, from the equality of inner products 

/ \\^\K{x)\\l.dx = V \ \feik+2a)\K{x)\dx\\\Xeik+2a)\\l,, 

we have fp\K e L'^{K). Therefore fj^ belongs to 

mK;Wk+2a) 
aeZ>o 

where 

'2 



Li{K; Wp) = {i:K^Wp\ f(x) = f{x) ®Xp + f{m{yo)x) X-p, / G %o^^^)(i^), x G K}, 



l2 .{K) = {/ E L\K) I f{mi{Kt)x) = e^P'f{x), mi{Kt) € K°, x G K}. 
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Here K° means the connected component of Ki, which is isomorphic to S0{2). We easily see 
that the restriction map 

Qez>o 

is a ii'-isomorphism. 

By the Peter- Weyl's theorem, we have an irreducible decomposition of L'^^p^o ^ -^{K): 
Here 

and means the ^(j.p)-isotypic component in {t\k°,V) for a iT-module {t,V). 

(21) 

In this section, we denote by {v\ ^ | < g < 21} the standard basis of V21. We define an 

(21) 

another basis {^2.9 | < g' < 2/} of V21 by 
where 

-1 \ 
1 e 50(3). 
10 0/ 

We note that v £ ^2/[C(i;-p)] if only if 

T'2i{mi{Kt))v =i{r-p){mi{Kt))v = e'^^^v {t e R) 

for V £ V21 ■ From the definition of {T21 , V21 ) and 

V-\mi{Kt)) = ip-Hu-'m2{Kt)u,) = {±diag(e-v^*/^ev^*/2)| ^ 

we have T2i{mi{Kt))vl'^^^ = e^'^('?^')*u|^J\ Hence we have 

I otherwise . 

By the identification = y2i in Lemma 14.41 we obtain 



«ez>o 
-i<p<i 



Moreover, since 



we have 



For < p < / — /c such that p = I — k mod 2, we define the elementary function ti{l;p, q) G 
H{u,,a,) by 

ti{l;p,q) = r^K~^{ii{l]P,q)) 
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where 

Let Ti(l;p) be a column vector of degree 2/ + 1 with its g + 1-th component ti{l;p,q), i.e. 
*( t,(/;p,0), ••• ,tiil;p,2l) ). 

Moreover we denote by {Ti{l;p)) the subspace of generated by the functions in 

the entries of the vector Ti{l;p), i.e. {Ti{l;p)) = 0qLo ^ " tii^iP^l) — ^2i- Via the unique 
isomorphism between {Ti(l;p)) and V2z, we identify {ti{l;p,q) | < g < 21} with the standard 
basis. 

From above arguments, we obtain the following. 
Proposition 6.1. As an unitary representation of K, it has an irreducible decomposition: 

Hiu^,^.) = m;p)) 
lez>o, o<p<i-k 

p=l—k mod 2 

for i = 1,2. Then the T2i-isotypic component o/ ttj-j^. g-,) is given by 

© imp)). 

0<p<l-k 
p=l—k mod 2 

Corollary 6.2. Let d{ai]l) be the dimension of the space Hom/^(V2i, of intertwining 
operators. Then 

{{I — k + 2)/2 if k < I and I — k is even, 
(/ — A; + l)/2 if k < I and I — k is odd, 
ifk>l. 

6.3. The canonical blocks of elementary functions. By the identification introduced in 
Subsection 15.31 we identify Ti(l;p) with the injective iC-homomorphism 

V21 B v^^^^J ^ t,{l;p, q) G , < q < 21 

for < p < I — k such that p = I — k mod 2. We note that {Ti{l;p) \ 0<p<l — k, p = 
l — k mod 2} is a basis of Hom;^(V2z, -^(jy.^o-i),^) and we call it the induced basis from the standard 
basis. 

We define a certain matrix of elementary functions corresponding to the induced basis 
{Ti{l;p) \ 0<p<l-k, p = l- k mod 2} of Hom;^ (1/2/, -^(1/,,^,),-^:) ^ach iC-type T21 of 
our Pj-principal series representation '/r(,^. g-j)- 

Definition 6.3. For I £ Z>o such that d{ai;l) > 0, the following {21 + 1) x d{ai]l) matrix 
Ti{ai;l) is called the canonical block of elementary functions for T2i-isotypic component: When 
I — k is even, we consider the matrix 

Ti(c7,;/)=(T,(/;0), T,{l-2), T,{l;A), ••• ,Ti{l-l-k) ). 

When I — k is odd, we consider the matrix 

T,(a,;/) =( r,(/;l), r,(/;3), r,(/;5), ••• ,Ti{l-l-k) ). 
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6.4. The contiguous relations. 

Lemma 6.4. (i) The standard basis {Xj | < j < 4} o/pc have the following expressions 
according to the decomposition gc = t^i^c © cii,c © ^i,c © ^c- 

X2 = - X3 =(^ei-e3 - ^/^^ei-ej " ^(i^l3 " ^^^^^12), ^4 =mi(x+). 

(ii) The basis {X'j = UcXjU~^ | < j < 4} o/pc have the following expressions according to 
the decomposition qc = n2,c © a2,c © 11^2,0 © ^c- 

X'o=- m2(x_), X[ ={Ee,^e, - ^^e^-ea) " ^(^13 " ^i^23), 

X'2=\h^^\ X^ = -(i?ei-e3+\^i?e2-e3) + ^(i^l3 + V^i^23), X'^ = -m2{x+), 

Proof. We obtain the assertion immediately from Lemma l4.1i □ 
We give the matrix representation of T\ ^ with respect to the induced basis as follows. 

Theorem 6.5. For i = 1,2 and —2 < m <2, we have an following equation with the matrix 
representation RiX}^) G Md{ai;i+m),d{ai;i){^) (^f^lm. ^^'^ respect to the induced basis {Ti(l;p) \ 
0<p<l-k, p=i-kmod2}: 
i6.1) <ti,Maf, I) = T,{ai; I + m) ■ R{tIJ. 

Explicit expressions of the matrix i?(rj^) of size d{ai] I + m) x d{ai; I) is given as follows: 
The matrix i?(rj^) is given by 



02,d{o-,;Z)-l 

+ I Diag (7[;,L;2i+5(<x,;0,i]) O'iC-.;')-!,! 




Here 





=(-1)^+1 


{() 




3 V 


T[i,m;p-1] 


= (-1)^+1 


n{ai;l,m) 


[ (2- 

= (3- 



ll-p+m-2,0]y 

m{m + 1) 



^[2/,2m;2/--p+m,2]; 



(l-m)/2 i/(m,/ - A;) G {±1} X (1 + 2Z), 

and 5(fTj; G {0, 1} such that 5{ai; I) = 1 — k mod 2. 

/n t/ie atove equations, we put A[2i,2m;p,j] = for p < or p > 2{l + m), and erase the 
symbols Diag {f{n)) (cq > ci), Om,n (m < or n < 0). 



co<?i<ci 



Proof. By the similarly computation in the proof of Theorem 15.51 using Lemma 16.41 (i) , we 
obtain the assertion in the case of z = 1. However, in the case of z = 2, It is difficult to prove 
the assertion by the same method since the value of T2{l;p) at I3 E G is not simple. We avoid 
this problem as follows. 
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We put 

Then we see that 

(6.2) 

and 



T^{.,,a2)iUcMl;P,j) (0 < j < 21), 

*( t'^{l;p,0), t'^{l;p,l), ■■■ ,Ul;p,2l) ), 

(r^(/;0), r^(/;2), ••• ,mi;l-k) 

mil;!), mi;3), r^(/;5), ••• ,mi;l-k) 



j=0 



if / — A; is even, 
if / — A; is odd, 



r^(Z;p)(l3)=eg^^,®Xz-p + (-l)H' 



Xp-l- 



Thus, by the similarly computation as in Lemma 16.41 (ii), we also obtain the assertion in the 
case of i = 2 evaluating the both side of the equation (|6.2p at I3 G G. □ 

7. The action of pc 

The linear map characterize the action of pc- In this section, we give a explicit de- 
scription of the action of pc on the elementary functions. 

7.1. The projectors for V/ (^c For ~2 < m < 2, we describe a surjective s[(2,C)- 
homomorphism Pjm from Vi 0c ^ to V/+2m in terms of the standard basis as follows. 



(0 
5 



Formula 1: The coefficients of Pi: Vi ®c ^ 



Lemma 7.1. Let {vq^ | < g < be the standard basis of Vi for I G Z>o. We put v, 
when q < or q > I. 

We define linear maps : V/ (^c ^ Vl+2m (—2 < m < 2) by 

when Vi+2m- component ofVi (dc ^4 does not vanish. 

Here the coefficients -B[i,2m;q,r] = b{l,2m; q,r)/d' {l,2m) are defined by following formulae. 

Vi^4 are given as follows: 

d'{l,A) =1. 
V/+2 given as follows: 
-(/-4g), b{l,2;q,2)=-2{l-2q), 
-4(/-g), d'(/,2)=/ + 4. 

Vi are given as follows: 

b{l,0;q,l)=-3qil-2q + l), 
6(/,0;g,3) =3(/ - 2g - 1)(/ - g), 
d'{l,0) =(/ + 3)(/ + 2). 







6(/,4;g,r)=l (0 < r < 4), 

>l . 
2 ■ 



Formula 2: T/ie coefficients of P^: Vi 0c V4 



b{l,2;q,0) =Aq, 
6(/,2;g,3) =-(3/-4g). 



6(Z,2;g,l) 
6(/,2;g,4) 



Formula 3: The coefficients of Pk: VJ (8)c Va 



b{l,0;q,0) =6q{q-l), 
b{l,0;q,2) =f - 6lq + Gq"^ - I, 
b{l,0;qA) =e{l-q)il-q-l), 

Formula 4: The coefficients of P_2 '■ ^1-2 

b{l,-2;q,0) =Aq{q-l){q-2), 

b{l,-2;q,2) =2q{l - 2q){l - q), 

b{l,-2-q,A)=-4{l-q){l-q-l)il-q- 



Vi 0)c CLfc given as follows: 
b{l,-2;q,l) = - qiq - l){3l - Aq + 2) 
b{l,-2;q,3)=-il-Aq-2)il-q){l 
d\l,-2) =(/ + 2)(/ + l)L 
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Formula 5: The coefficients of P_^: V;_4 — > V/ 0c V4 are given as follows: 

b{l, -4; q, 0) =q{q - l){q - 2){q - 3), h{l, -4; q,l) = - q{q - l){q - 2){l - q), 

b{l, -4; q, 2) =q{q - 1){1 - q){l -q-1), b{l, -4; g, 3) = - q{l - q){l - q - 1){1 -q-2), 

h{l, -4; q, A) ={l - q){l - q-l){l - q-2){l - q - 3), -4) = (/ + !)/(/ - 1)(/ - 2). 

Then P^^ is the generator of Rom.^i^2,c)iVi ®c V^i, V^+2m) such that o 4^ = idv,+2m- 
Proof. The composite 

Vi^cV^C^ V^* ®c - {Vl 0c 9 / ^ / o /L G ^\2m ~ Vl+2m 

is a surjective s[(2, C)-homomorphism from Vi (gic ^4 to Vi+2m, which is unique up to scalar 
multiple. Therefore we obtain the assertion from Proposition 14.21 and Lemma |4.4[ □ 

7.2. The action of pc on the elementary functions. 

Proposition 7.2. (i) An explicit expression of the action of pc on the basis {s{l;p,q) \ I > 
0, p e Z{aQ]l), < q < 21} of H^^^^^^^^^^x given by following equation: 

'^{uo,ao)i^r)s{l]p,q) = Yl 'y[^}n;p,j]^[2l,2m;q,r]s{l + m;p + m + 2j,q + m + r-2). 

-l<j<l 

-2<m<2 

Here we put 

7[0,L;0,i] = ^[0,2m;0,r] = for m < 2, 7[i,L;p,i] = ^[2,2m;q,r] = for m < 0, 

s{l',P, q) = whenever p < I such that p ^ Z{ao; I) or q < or q > 21, 

s{l;p,q) = (-ir('^»'')s(/;2/-p,g) forp>l. 

(a) Fori = 1,2, the explicit expression of the action ofpc on the basis {ti{l;p,q) | / > A;, < 
p < I — k, p = I — k mod 2, < q < 21} of H(^y.^„.-^^x is given by following equation: 

T^{u„a,){Xr)ti{l;p, q)= ^ l'^^rn;p,j]^[2l,2m;q,r]ti{l + m; p + m + 2j , q + m + r - 2) 

-l<j<l 

-2<m<2 

Here we put ti{l;p, q) = unless < p < I — k, p = I — k mod 2 and < q <2l. 
Proof. Since 

7r(,„,,„)(X,).(/;p,g)= rO^(5(/;p)) o ^^^(z;^) ^ X,), 

-2<m<2 

7r^,^,.^){Xr)ti{l;p,q)= rj^mmG;^)) ° ^L(^f ^ ® ^r) (^ = 1,2), 

-2<rra<2 

we obtain the assertion from Theorem 15.51 16.51 and Lemma 17.11 □ 
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